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GENERALIZED TORSION ELEMENTS AND HYPERBOLIC
LINKS
MASAKAZU TERAGAITO
Abstract. In a group, a generalized torsion element is a non-identity ele-
ment whose some non-empty finite product of its conjugates yields the iden-
tity. Such an element is an obstruction for a group to be bi-orderable. We
show that the Weeks manifold, the figure-eight sister manifold, and the com-
plement of Whitehead sister link admit generalized torsion elements in their
fundamental groups. In particular, the Whitehead sister link, which is the
pretzel link of type (−2, 3, 8), can be generalized to hyperbolic pretzel links
of type (−2, 3, 2n) (n ≥ 4). These give the first examples of hyperbolic links
whose link groups admit generalized torsion elements.
1. Introduction
In a group G, a non-trivial element g is called a generalized torsion element if
some non-empty finite product of its conjugates is equal to the identity. That is,
ga1ga2 . . . gak = 1 for some a1, a2, . . . , ak ∈ G. Here g
a denotes a conjugate of g by
a ∈ G.
Every knot or link group is torsion free. However, it may contain a generalized
torsion element. For example, all torus knot groups satisfy it. Naylor and Rolf-
sen [14] gave the first example of hyperbolic knot, which is the (−2)-twist knot,
whose knot group contains a generalized torsion element. Then we showed that
any negative twist knot enjoys the same property [16].
The existence of generalized torsion element is an obstruction for a group G to
be bi-orderable. Recall that G is said to be bi-orderable if it admits a strict total
ordering which is invariant under multiplication from left and right sides; if a < b,
then gah < gbh for any g and h in G. If G is bi-orderable, then any non-identity
element g is bigger or smaller than the identity. Let g > 1. Since conjugation
preserves the order, ga > 1 for any a ∈ G. Then any product of such elements is
still bigger than 1. Similarly for the case g < 1. Thus any bi-orderable group has
no generalized torsion element.
Conversely, even if G has no generalized torsion element, we cannot claim that
G is bi-orderable [2, 3, 13]. However, we expect that such phenomenon does not
occur among 3-manifold groups [12]. Many 3-manifold groups are know to be
not bi-orderable. For, any finitely generated bi-orderable group surjects on the
infinite cyclic group (see [7]). In particular, if a 3-manifold M has finite first
homology group, then π1(M) is not bi-orderable. In [12], we propose a conjecture
that if π1(M) is not bi-orderable for a 3-manifold M , then it contains a generalized
torsion element. This is solved affirmatively for Seifert fibered manifolds, Solvable
manifolds, and a few infinite families of hyperbolic manifolds.
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In this paper, we first examine small volume cusped hyperbolic 3-manifolds. The
Weeks manifold is the unique closed orientable hyperbolic 3-manifold of smallest
volume [8]. By [5], the minimal volume orientable hyperbolic 3-manifold with one
cusp is homeomorphic to either the figure-eight knot complement or the figure-
eight sister manifold, which is also called the sibling manifold. Furthermore, the
minimal volume orientable hyperbolic 3-manifold with two cusps is homeomorphic
to either the Whitehead link complement or the Whitehead sister manifold, which
is the (−2, 3, 8)-pretzel link complement. The figure-eight knot complement and
the Whitehead link complement have bi-orderable fundamental groups [15, 10], so
they do not admit a generalized torsion element in their fundamental groups.
Our first result claims that the others admit generalized torsion elements in the
fundamental groups.
Theorem 1.1. The Weeks manifold, the figure-eight sister manifold and the White-
head sister manifold admit generalized torsion elements in their fundamental groups.
As remarked above, the Whitehead sister manifold is the complement of the
(−2, 3, 8)-pretzel link. Second, we generalize this to an infinite family of pretzel
links.
Theorem 1.2. Let L be the two-component pretzel link P (−2, 3, 2n). If n ≥ 1,
then the link group π1(S
3 − L) contains a generalized torsion element.
This theorem immediately gives the first examples of hyperbolic links whose link
groups admit generalized torsion elements.
Corollary 1.3. There are infinitely many hyperbolic two-component links whose
link groups admit generalized torsion elements.
Proof. If n ≥ 4, then P (−2, 3, 2n) is hyperbolic [11]. The conclusion immediately
follows from Theorem 1.2. 
Throughout the paper, we use the notation g¯ = g−1, [g, h] = g−1h−1gh and
ga = a−1ga for the inverse, the commutator and the conjugate in a group.
2. The Weeks manifold and the figure-eight sister manifold
We start from the exterior W of the Whitehead link. Then π1(W ) has the
following Wirtinger presentation
π1(W ) = 〈a, b | abab¯a¯bab = baba¯b¯aba〉,
where a and b are meridians of the components as shown in Fig. 1.
The figure-eight sister manifold is described as the resulting manifold by perform-
ing 5/1-Dehn filling on one boundary component of W (see [9]). Two components
of the Whitehead link are interchangeable by an isotopy, so there is no ambiguity
for the choice of boundary component.
Theorem 2.1. For a slope m/n (n ≥ 1), let W (m/n) be the resulting manifold by
m/n-Dehn filling on one boundary component of the Whitehead link exterior W . If
m ≥ 2n, then π1(W (m/n)) contains a generalized torsion element. In particular,
the figure-eight sister manifold W (5) satisfies this.
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Figure 1. The Whitehead link and the meridians a, b
Proof. Perform m/n-surgery along the component with meridian a. Then the
surgery yields a relation
(2.1) (b¯aba¯b¯b)nam = 1,
because the longitude is b¯aba¯b¯b. This gives
(2.2) (bab¯a¯b¯aba¯)nam = 1.
Hence
(2.3) π1(W (m/n)) = 〈a, b | abab¯a¯bab = baba¯b¯aba, (bab¯a¯b¯aba¯)
nam = 1〉.
The first relation gives
(2.4) bab¯a¯b¯ab = ab¯a¯aba¯.
Hence (2.2) and (2.4) yield (ab¯a¯aba¯2)nam = 1, so we have
(2.5) UUa
2
Ua
4
· · ·Ua
2(n−1)
am−2n = 1,
where U = ab¯a¯ab. Thus if m ≥ 2n, then the left hand side of (2.5) is a product of
conjugates of only a.
Since H1(W (m/n)) = Z ⊕ Z|m| and the element a goes to a generator of Z|m|
summand, a is non-trivial in π1(W (m/n)). Hence if m ≥ 2n, then (2.5) shows that
the element a is a generalized torsion element in π1(W (m/n)). 
Remark 2.2. (1) Since W (1) is the exterior of the trefoil, π1(W (1)) contains a
generalized torsion element (see [14]).
(2) If m = −1, then W (−1/n) gives the exterior of the n-twist knot. For
example, W (−1) is the figure-eight knot exterior. Since the knot group
of any positive twist knot is known to be bi-orderable [6], π1(W (−1/n))
does not contain a generalized torsion element for any n ≥ 1. On the other
hand, if m = 1, then π1(W (1/n)) contains a generalized torsion element,
because the knot group of any negative twist knot admits a generalized
torsion element [16].
Let M = W (m/n), and let M(r) denote the r-Dehn filling on M . The Weeks
manifold is M(5/2) for M =W (5) (see [4]).
Corollary 2.3. If m ≥ 2n. π1(M(r)) contains a generalized torsion element for
any slope r ∈ Q ∪ {1/0}. In particular, the Weeks manifold M(5/2) satisfies this.
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Proof. Since π1(M(r)) is the quotient of π1(W (m/n)), the relation (2.5) still holds
in π1(M(r)). Set r = p/q. The element a projects to a generator of Z|m| summand
of H1(M(r))) = Z|p| ⊕Z|m|, so it is nontrivial in π1(M(r)). Hence a remains to be
a generalized torsion element in π1(M(r)). 
3. The Whitehead sister link and pretzel links
3.1. Tunnel number one pretzel links. Let L be the pretzel link P (−2, 3, 2n)
for n 6= 0. In particular, P (−2, 3, 8) is the Whitehead sister link. LetG = π1(S
3−L)
be the link group. The purpose of this subsection is to obtain a presentation of
G with two generators and a single relation based on the fact that L has tunnel
number one.
Figure 2 shows the unknotting tunnel γ for L. This means that the exterior of
the regular neighborhood N of L ∪ γ is a genus two handlebody H . Hence the
exterior of L is obtained from H by attaching a 2-handle along the co-core ℓ of the
regular neighborhood of γ, which is regarded as a 1-handle attached on the regular
neighborhood of L. This implies that the link group G has two generators and a
single relation which comes from the 2-handle addition.
γ γ
-1/n
Figure 2. The pretzel link P (−2, 3, 2n), where n = 3, and its
unknotting tunnel γ
To get a rank two presentation of G, we will trace the co-core ℓ on ∂N during
the unknotting transformation of N .
First, we replace the 2n-twists on L with (−1/n)-surgery on the additional un-
knotted circle as shown in Fig. 2. Then Fig. 3 shows N and the co-core ℓ.
As illustrated in Fig. 4, 5 and 6, we transform N . Here, the loop ℓ in Fig. 5 and
6 is described as a band sum of two circles for simplicity.
Figure 7 shows the final form of N with ℓ on ∂N . It is easy to see that the outside
of N is also a genus two handlebody H . Here, the loops α and β bound mutually
disjoint non-separating meridian disks of H . Hence if we take the generators a and
b of π1(H) as the duals of α and β, then we can easily express ℓ as a word of a and
b in π1(H) by following the intersection points between ℓ and α and β.
Proposition 3.1. The link group G has the presentation
(3.1) G = 〈a, b | ab¯n−1ab¯ab = bab¯ab¯n−1a〉.
GENERALIZED TORSION ELEMENTS AND HYPERBOLIC LINKS 5
-1/n

Figure 3. The regular neightborhood N of L∪ γ and the co-core
ℓ on ∂N

-1/n

-1/n
Figure 4. The first move of N

Figure 5. The second move of N . Here, the loop ℓ is described
as a band sum of two circles.
Proof. The exterior of L is obtained from the genus two handlebody H by attaching
a 2-handle along the loop ℓ. Let a and b be the generators of π1(H), which are
duals of α and β as shown in Fig. 7. Hence the link group G has a presentation with
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Figure 6. The third move of N
α β

Figure 7. The outsider of N is a genus two handlebody H . The
loops α and β bound disjoint meridian disks of H . Here, n = 3.
generators a and b and a single relation coming from ℓ. We orient α, β and ℓ as in
Fig. 7, and follow ℓ from the dot. Then we get the relation as in the statement. 
3.2. Generalized torsion elements.
Lemma 3.2. In G, [a, ba¯bn−1a¯b] = 1.
Proof. The relation of (3.1) gives Uab = ab¯U , where U = ab¯n−1a. Hence we
have U bab
2
= aU b, so a = ab
2U¯b . This gives [a, b2U¯ b] = 1, which yields the
conclusion. 
Lemma 3.3. Let w(a¯, b) be a word containing only a¯ and b. Then the commutator
[a, w(a¯, b)] can be expressed as a product of conjugates of the commutator [a, b].
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Proof. In general, we have an equation [a, uv] = [a, v][a, u]v. Since [a, a¯] = 1,
[a, w(a¯, b)] is decomposed into a product of conjugates of only [a, b]. 
Theorem 3.4. If n ≥ 1, then G admits a generalized torsion element.
Proof. By Lemma 3.3, [a, ba¯bn−1a¯b] is expressed as a product of conjugates of [a, b]
if n ≥ 1. We know that [a, b] 6= 1 in G, because G is not abelian. (The only
knots and links whose groups are abelian are the unknot and the Hopf link.) Then
Lemma 3.2 implies that [a, b] is a generalized torsion element in G. 
Remark 3.5. When n = 0, then link L is the connected sum of the trefoil and the
Hopf link. Since the knot group of the trefoil contains a generalized torsion element,
so does G. For n < 0, our argument in the proof of Theorem 3.4 does not work.
Proof of Theorem 1.1. This follows from Theorems 2.1 and 3.4 and Corollary
2.3. 
Proof of Theorem 1.2. This immediately follows from Theorem 3.4. 
3.3. Problems. Kin and Rolfsen [10] show that the pretzel links P (−2, 2k+1, 2n)
and P (−2,−2k + 1, 2n) for k ≥ 1 and n ≥ 2 do not have bi-orderable link groups.
Hence their link groups are expected to admit generalized torsion elements beyond
our Theorem 1.2. Fortunately, these pretzel links still have tunnel number one.
Thus it is possible to apply our procedure to get a presentation of link group
with two generators and a single relation. We tried this, but we could not find a
generalized torsion element, because of the complicated relation.
The exterior of pretzel links P (−2, 3, 2n) is obtained from the magic manifold by
suitable Dehn filling. If the magic manifold contains a generalized torsion element
in its fundamental group, then there would be a chance for the element to give
a generalized torsion element for P (−2, 3, 2n) as in the proof of Corollary 2.3.
However, the result of [10] seems to suggest that the magic manifold would have
bi-orderable fundamental group, so there is no generalized torsion element.
References
[1] I. Agol, The minimal volume orientable hyperbolic 2-cusped 3-manifolds, Proc. Amer. Math.
Soc. 138 (2010), no. 10, 3723–3732.
[2] V. V. Bludov, An example of an unordered group with strictly isolated identity element,
Algebra and Logic 11 (1972), 341–349.
[3] V. V. Bludov and E. S. Lapshina, On ordering groups with a nilpotent commutant (Russian),
Sibirsk. Mat. Zh. 44 (2003), no. 3, 513–520; translation in Siberian Math. J. 44 (2003), no.
3, 405–410.
[4] D. Calegari and N. M. Dunfield, Laminations and groups of homeomorphisms of the circle,
Invent. Math. 152 (2003), no. 1, 149–204.
[5] C. Cao and G. R. Meyerhoff, The orientable cusped hyperbolic 3-manifolds of minimum
volume, Invent. Math. 146 (2001), no. 3, 451–478.
[6] A. Clay, C. Desmarais and P. Naylor, Testing bi-orderability of knot groups, Canad. Math.
Bull. 59 (2016), no. 3, 472–482.
[7] A. Clay and D. Rolfsen, Ordered groups and topology, Graduate Studies in Mathematics, 176.
American Mathematical Society, Providence, RI, 2016.
[8] D. Gabai, R. Meyerhoff and P. Milley, Minimum volume cusped hyperbolic threemanifolds, J.
Amer. Math. Soc. 22 (2009), no. 4, 1157–1215.
[9] C. McA. Gordon, Dehn filling: a survey, Knot theory (Warsaw, 1995), 129–144, Banach
Center Publ., 42, Polish Acad. Sci. Inst. Math., Warsaw, 1998.
[10] E. Kin and D. Rolfsen, Braids, orderings, and minimal volume cusped hyperbolic 3-manifolds,
Groups Geom. Dyn. 12 (2018), no. 3, 961–1004.
8 MASAKAZU TERAGAITO
[11] B. Martelli and C. Petronio, Dehn filling of the “magic” 3-manifold, Comm. Anal. Geom. 14
(2006), no. 5, 969–1026.
[12] K. Motegi and M. Teragaito, Generalized torsion elements and bi-orderability of 3-manifold
groups, Canad. Math. Bull. 60 (2017), no. 4, 830–844.
[13] R. Mura and A. Rhemtulla, Orderable groups, Lecture Notes in Pure and Applied Mathe-
matics, 27. Marcel Dekker, Inc., New York-Basel, 1977.
[14] G. Naylor and D. Rolfsen, Generalized torsion in knot groups, Canad. Math. Bull. 59 (2016),
no. 1, 182–189.
[15] B. Perron and D. Rolfsen, On orderability of fibred knot groups, Math. Proc. Cambridge
Philos. Soc. 135 (2003), no. 1, 147–153.
[16] M. Teragaito, Generalized torsion elements in the knot groups of twist knots, Proc. Amer.
Math. Soc. 144 (2016), no. 6, 2677–2682.
Department of Mathematic Education, Hiroshima University, 1-1-1 Kagamiyama, Higashi-
hiroshima, 7398524, Japan
E-mail address: teragai@hiroshima-u.ac.jp
